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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë.

Ïëàí íà çàíÿòèåòî

1 Òåîðåòè÷íà ÷àñò (Ëåêöèÿ 11.)

Ëèöå íà ðàâíèííà ôèãóðà. Äåôèíèöèÿ íà îïðåäåëåí èíòåãðàë.

Òåîðìà íà Íþòîí-Ëàéáíèö çà âðúçêà ìåæäó îïðåäåëåí è

íåîïðåäåëåí èíòåãðàë.

Ïðèëîæåíèÿ: Ëèöå íà êðèâîëèíååí òðàïåö, äúëæèíà íà äúãà îò

êðèâà, îáåì íà ðîòàöèîííî òÿëî.

Ñìÿíà íà ïðîìåíëèâèòå ïðè îïðåäåëåí èíòåãðàë.

2 Ïðàêòè÷åñêà ÷àñò

Çàäa÷è:

- Ïîäðîáíî ðåøåíè ïðèìåðè ïî íÿêîè îò äàäåíèòå â òåîðåòè÷íàòà

÷àñò òåìè:

Ïðåñìÿòàíå íà èíòåãðàëè;

Ïðåñìÿòàíå íà ëèöà íà ðàâíèíè ôèãóðè.

- Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå ïî âðåìå íà óïðàæíåíèåòî.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ëèöå íà êðèâîëèíååí òðàïåö

Àêî ðåäèöàòà

Sn = (x1−x0).f (ξ1)+(x2−x1).f (ξ2)+ . . .+(xn−xn−1)f (ξn), n = 1, 2, . . .

èìà ãðàíèöà, îçíà÷àâàìå ÿ ñ
∫ b
a f (x)dx (îïðåäåëåí èíòåãðàë îò a äî b

îò f (x)dx) è ÿ ïðèåìàìå çà ëèöå íà êðèâîëèíåéíàòà ôèãóða.

a = x0
ξ1

x1
ξ2

x2
ξ3

x3
ξ4

x4
. . .

xn−1
ξn

b = xn
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ôîðìóëà íà Íþòîí-Ëàéáíèö

Àêî f å ôóíêöèÿ, äåôèíèðàíà â èíòåðâàëà [a, b], çà êîÿòî

îïðåäåëåíèÿò èíòåãðàë
∫ b
a f (x)dx ñúùåñòâóâà, è àêî F å åäíà

ïðèìèòèâíà íà f , òî â ñèëà å ñëåäíàòà ôîðìóëà (Ôîðìóëà íà
Íþòîí-Ëàéáíèö): ∫ b

a
f (x)dx = F (b)− F (a).

Ñ äðóãè äóìè, íàé-íàïðåä ïðåñìÿòàìå íåîïðåäåëåíèÿ èíòåãðàë∫
f (x)dx = F (x) + C è äàâàìå íà C êîíêðåòíà ÷èñëåíà ñòîéíîñò

(íàé-÷åñòî C = 0), ò.å. âçèìàìå åäíà ïðèìèòèâíà F (x). Ñëåä òîâà

çàìåñòâàìå x ñ b è ïîëó÷àâàìå F (b), ïîñëå çàìåñòâàìå x ñ a è
ïîëó÷àâàìå F (a). Íàêðàÿ ïðåñìÿòàìå ðàçëèêàòà F (b)− F (a).
Òîâà ìîæåì äà çàïèøåì è ïî ñëåäíèÿ íà÷èí∫ b

a
f (x)dx = F (x)|ba = F (b)− F (a)
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ïðèìåðè

1 ïðèìåð. Äà ðåøèì èíòåãðàëà

∫ 4

−2
x2dx .

Ïî ôîðìóëà 1 îò òàáëèöàòà íà íåîïðåäåëåíèòå èíòåãðàëè

ïðåñìÿòàìå
∫
x2dx = x3

3 + C . Ñ÷èòàìå, ÷å C = 0
Ñåãà ïî ôîðìóëàòà íà Íþòîí-Ëàéáíèö íàìèðàìå

(F (x) = x3

3 , a = −2, b = 4)∫ 4

−2
x2dx =

x3

3

∣∣∣∣4
−2

=
43

3
− (−2)3

3
=

64

3
− −8

3
=

64

3
+

8

3
=

72

3
= 24.

Êîñòî Ìèòîâ Âèñøà Ìàòåìàòèêà 23 þëè 2020 ã. 5 / 17



Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ïðèìåðè

2 ïðèìåð.

∫ π/2

0
cos xdx .∫ π/2

0
cos xdx = sin x |π/20 = sin

π

2
− sin 0 = 1− 0 = 1.

3 ïðèìåð.

∫ e

1

5

x
dx .∫ e

1

5

x
dx = 5

∫ e

1

1

x
dx = 5 ln x |e1 = 5. ln e − 5. ln 1 = 5.1− 5.0 =

5− 0 = 5.

4 ïðèìåð.

∫ 2

0
exdx .∫ 2

0
exdx = ex |20 = e2 − e0 = e2 − 1.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ïðèìåðè

3 ïðèìåð.

∫ 2

1
(5x2 − 4x + 3) dx .

∫ 2

1
(5x2 − 4x + 3) dx =

∫ 2

1
5x2dx −

∫ 2

1
4xdx +

∫ 2

1
3dx

= 5

∫ 2

1
x2dx − 4

∫ 2

1
xdx + 3

∫ 2

1
dx

= 5
x3

3

∣∣∣∣2
1

− 4
x2

2

∣∣∣∣2
1

+ 3x |21

= 5
23

3
− 5

13

3
− 4

22

2
+ 4

12

2
+ 3.3− 3.1

=
40

3
− 5

3
− 16

2
− 4

2
+ 6− 3 =

35

3
− 12

2
+ 3 =

35

3
− 6 + 3

=
35

3
− 3 =

35− 9

3
=

26

3
.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ëèöå íà êðèâîëèíååí òðàïåö

1 ïðèìåð. Äà ñå íàìåðè ëèöåòî íà ôèãóðàòà çàãðàäåíà îò

ãðàôèêèòå íà ôóíêöèèòå y = x2 − 4 è y = x − 2.

−3 −2 −1 1 2 3

−4

−2

2

O

x2 − 4

x − 2

Ðåøåíèå: Âèæäà ñå, ÷å îáëàñòòà å â èíòåðâàëà [−1, 2] è å
çàãðàäåíà îòãîðå îò ãðàôèêàòà íà ôóíêöèÿòà f1(x) = x − 2 è
îòäîëó îò ãðàôèêàòà íà f2(x) = x2 − 4. Òîãàâà ëèöåòî íà ôèãóðàòå

å
∫ 2
−1 (f1(x)− f2(x)) dx =

∫ 2
−1(x − 2− x2 + 4)dx .
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ïðåñìÿòàìå ïîëó÷åíèÿ èíòåãðàë êàêòî ñëåäâà:∫ 2

−1
(x − x2 + 2)dx

=

∫ 2

−1
xdx −

∫ 2

−1
x2dx + 2

∫ 2

−1
dx

=
x2

2

∣∣∣∣2
−1
− x3

3

∣∣∣∣2
−1

+ 2x |2−1

=
22

2
− (−1)2

2
− 23

3
+

(−1)3

3
+ 2.2− 2.(−1)

= 2− 1

2
− 8

3
− 1

3
+ 4 + 2 = 4

1

2
.

Òàêà ëèöåòî íà ôèãóðàòà å 41
2 êâ. åä.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ëèöå íà êðèâîëèíååí òðàïåö

2 ïðèìåð. Äà ñå íàìåðè ëèöåòî íà ôèãóðàòà çàãðàäåíà îò

ãðàôèêèòå íà ôóíêöèèòå y = −x2 + 1 è y = x − 1.

−3 −2 −1 1 2 3

−2

2

O

−x2 + 1

x − 1

Ðåøåíèå: Âèæäà ñå, ÷å îáëàñòòà å â èíòåðâàëà [−2, 1] è å
çàãðàäåíà îòãîðå îò ãðàôèêàòà íà ôóíêöèÿòà f1(x) = −x2 + 1 è
îòäîëó îò ãðàôèêàòà íà f2(x) = x − 1. Òîãàâà ëèöåòî íà ôèãóðàòå

å
∫ 1
−2 (f1(x)− f2(x)) dx =

∫ 1
−2(−x

2 + 1− x + 1)dx .
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ïðåñìÿòàìå ïîëó÷åíèÿ èíòåãðàë êàêòî ñëåäâà:∫ 1

−2
(−x − x2 + 2)dx

= −
∫ 1

−2
xdx −

∫ 1

−2
x2dx + 2

∫ 1

−2
dx

= −x2

2

∣∣∣∣1
−2
− x3

3

∣∣∣∣1
−2

+ 2x |1−2

= −12

2
+

(−2)2

2
− 13

3
+

(−2)3

3
+ 2.1− 2.(−2)

= −1

2
− 2− 1

3
− 8

3
+ 2 + 4 = 1

1

2
.

Òàêà ëèöåòî íà ôèãóðàòà å 11
2 êâ. åä.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ñìÿíà íà ïðîìåíëèâèòå

1 ïðèìåð. Äà ðåøèì èíòåãðàëà
∫ π
0 cos(3x − π)dx .

Íåêà ïîëîæèì y = 3x − π.
Ïðåñìÿòàìå dy = y ′.dx = (3x − 2)′.dx = 3.dx . Îò òóê dx = 1

3 .dy .
Ïðåñìÿòàìå íîâèòå ãðàíèöè íà èíòåãðèðàíå çà ïðîìåíëèâàòà y îò

ôîðìóëàòà y = 3x − π:
ñ x = 0 íàìèðàìå äîëíàòà ãðàíèöà çà y : 3.0− π = −π
ñ x = π íàìèðàìå ãîðíàòà ãðàíèöà çà y : 3.π − π = 2π.
Ñëåä òàçè ñìÿíà ùå ïðåñìåòíåì íîâèÿ èíòåãðàë

∫ 2π

−π
cos(y)

1

3
dy =

1

3

∫ 2π

−π
cos(y)dy

=
1

3
sin(y)

∣∣∣∣2π
−π

=
1

3
sin(2π)− 1

3
sin(−π) = 1

3
.0− 1

3
.0 = 0.

Êîñòî Ìèòîâ Âèñøà Ìàòåìàòèêà 23 þëè 2020 ã. 12 / 17



Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Ñìÿíà íà ïðîìåíëèâèòå

2 ïðèìåð. Äà ðåøèì èíòåãðàëà
∫ 1
0

2
2x+3dx .

Íåêà ïîëîæèì y = 2x + 3.
Ïðåñìÿòàìå dy = y ′.dx = (2x + 3)′.dx = 2.dx . Îò òóê dx = 1

2 .dy .
Ïðåñìÿòàìå íîâèòå ãðàíèöè íà èíòåãðèðàíå çà ïðîìåíëèâàòà y îò

ôîðìóëàòà y = 2x + 3:
ñ x = 0 íàìèðàìå äîëíàòà ãðàíèöà çà y : 2.0 + 3 = 3
ñ x = 1 íàìèðàìå ãîðíàòà ãðàíèöà çà y : 2.1 + 3 = 5.
Ñëåä òàçè ñìÿíà ùå ïðåñìåòíåì íîâèÿ èíòåãðàë

∫ 5

3

�2

y

1

�2
dy =

∫ 5

3

1

y
dy

= ln y |53 = ln 5− ln 3 = ln
5

3
.
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå

1 Ðåøåòå èíòåãðàëèòå:∫ 4

1
x−2 dx

∫ 1

0
(1− 2x − 3x2) dx

∫ 2

1
(5x2 − 4x + 3) dx∫ 0

−3
(5y4 − 6y2 + 14) dy

∫ 1

0
(y9 − 2y5 + 3y) dy∫ 4

0

√
x dx

∫ 1

0
x3/7 dx

∫ 3

1

(
1

t2
− 1

t4

)
dt∫ 2

0
(x3 − 1)2 dx

∫ −1
1

(x − 1)(3x + 2) dx
∫ π/2
0 sin xdx

∫ 2
1 ex dx .
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå

2 Íàìåðåòå ëèöàòà íà ôèãóðèòå:

−1.5−1−0.5 0.5 1 1.5

−0.5

0.5

1

1.5

O

−x2 + 1

x + 1

−1.5−1−0.5 0.5 1 1.5

−0.5

0.5

1

1.5

O

−x2 + 1

−x + 1
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå

2 Íàìåðåòå ëèöàòà íà ôèãóðèòå:

−0.5 0.5 1 1.5 2 2.5

−2

−1

1

O

−x2 + x

−x −1.5−1−0.5 0.5 1 1.5

−1

1

2

O

x + 1

x2 + x
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Óïðàæíåíèå 11. Îïðåäåëåí èíòåãðàë. Îïðåäåëåí èíòåãðàë

Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå

3 Ðåøåòå èíòåãðàëèòå êàòî íàïðàâèòå ñìÿíà íà ïðîìåíëèâèòå:∫ 1

0

√
2x + 1dx

∫ 1

0
e−2x+3dx

∫ 2

0
52x+1dx∫ 1

−1
sin(x + π)dx .
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