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Óïðàæíåíèå 5. Âåêòîðè.

Ïëàí íà çàíÿòèåòî

1 Òåîðåòè÷íà ÷àñò

Ïðàâîúãúëíà êîîðäèíàòíà ñèñòåìà â ðàâíèíàòà è ïðîñòðàíñòâîòî.

Êîîðäèíàòè íà âåêòîð. Åäèíè÷íè âåêòîðè â R2 è R3.

Ëèíåéíè îïåðàöèè ñ âåêòîðè: ñúáèðàíå è óìíîæåíèå ñ ÷èñëî.

Êîîðäèíàòè íà âåêòîð ïî çàäàäàäåíè íà÷àëî è êðàé. Ñðåäà íà

îòñå÷êà.

Ñêàëàðíî óìíîæåíèå íà äâà âåêòîðà.

Äúëæèíà íà âåêòîð. Úãúë ìåæäó äâà âåêòîðà.

2 Ïðàêòè÷åñêà ÷àñò

Çàäa÷è:

- Ïîäðîáíî ðåøåíè ïðèìåðè îò äàäåíèòå â òåîðåòè÷íàòà ÷àñò òåìè.

- Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå ïî âðåìå íà óïðàæíåíèåòî.
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Óïðàæíåíèå 5. Âåêòîðè. Êîîðäèíàòíà ñèñòåìà

Ïðàâîúãúëíà êîîðäèíàòíà ñèñòåìà â ðàâíèíàòà

x
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Êîîðäèíàòíà ñèñòåìà Oxy â ðàâíèíàòà
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Óïðàæíåíèå 5. Âåêòîðè. Êîîðäèíàòíà ñèñòåìà

Ïðàâîúãúëíà êîîðäèíàòíà ñèñòåìà â ïðîñòðàíñòâîòî

x

y

z

O

−→
i (1, 0, 0)

−→
j (0, 1, 0)

−→
k (0, 0, 1)

−→a (xa, ya, za) = xa.
−→
i + ya.

−→
j + za.

−→
k
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Ñúáèðàíå íà âåêòîðè. Óìíîæåíèå íà âåêòîð ñ ÷èñëî.

1 ïðèìåð. Äàäåíè ñà âåêòîðèòå −→a (2,−3, 5),
−→
b (2,−1, 9). Çàïèøåòå

âåêòîðèòå êàòî ëèíåéíà êîìáèíàöèÿ íà åäèíè÷íèòå âåêòîðè−→
i (1, 0, 0),

−→
j (0, 1, 0),

−→
k (0, 0, 1). Íàìåðåòå êîîðäèíàòèòå íà âåêòîðà

−→c = 2.−→a − 3.
−→
b . Ïðåäñòàâåòå ãî êàòî ëèíåéíà êîìáèíàöèÿ íà−→

i ,
−→
j ,
−→
k .

Ðåøåíèå: Çàïèñâàìå −→a è
−→
b êàòî ëèíåéíè êîìáèíàöèè íà

åäèíè÷íèòå âåêòîðè:

−→a ( 2, −3, 5 )
↓ ↓ ↓ ↓
−→a = 2

−→
i −3−→j +5

−→
k .

Òàêà −→a = 2
−→
i − 3

−→
j + 5

−→
k è ïî ñúùèÿ íà÷èí

−→
b = 2

−→
i −−→j + 9

−→
k .
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Ñúáèðàíå íà âåêòîðè. Óìíîæåíèå íà âåêòîð ñ ÷èñëî.

Çà äà íàìåðèì êîîðäèíàòèòå íà âåêòîð −→c , íàìèðàìå âåêòîðèòå

2.−→a = 2.(2,−3, 5) = (2.2, 2.(−3), 2.5) = (4,−6, 10),

ñëåä òîâà íàìèðàìå êîîðäèíàòèòå íà âåêòîðà

−3.
−→
b = (−3.2,−3.(−1),−3.9) = (−6, 3,−27).

Íàìèðàìå âåêòîðà −→c â êîîðäèàíòíà ôîðìà êàòî ñóìà íà 2.−→a è −3.
−→
b ,

−→c = 2.−→a − 3.
−→
b

= (4,−6, 10) + (−6, 3,−27) = (4− 6, 3 + 3, 10− 27) = (−2, 6,−17).

Íàêðàÿ çàïèñâàìå −→c ÷ðåç åäèíè÷íèòå âåêòîðè:
−→c (−2, 6,−17) = −2.−→i + 6.

−→
j − 17.

−→
k .
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Ðåøåòå ñàìîñòîÿòåëíî:

1 Äàäåíè ñà âåêòîðèòå −→a = 3
−→
i − 2

−→
j + 4

−→
k è
−→
b = 4

−→
i +
−→
j − 2

−→
k .

Çàïèøåòå ãè â êîîðäèíàòíà ôîðìà è íàìåðåòå âåêòîðà
−→c = 2.−→a + 4.

−→
b .

2 Äàäåíè ñà âåêòîðèòå −→a = −3.−→i − 2.
−→
j è
−→
b = 2.

−→
i + 3.

−→
j −
−→
k .

Çàïèøåòå ãè â êîîðäèíàòíà ôîðìà è íàìåðåòå âåêòîðà
−→c = 2.−→a + 4.

−→
b .

Óïúòâàíå. Êîãàòî â çàäàâàíåòî íà âåêòîðà ÷ðåç åäèíè÷íèòå

âåêòîðè, íÿêîé îò òÿõ ëèïñâà, â êîîðäèíàòíà ôîðìà ñúîòâåòíàòà

êîîðäèíàòà å 0. Êîãàòî ïðåä åäèíè÷íèÿ âåêòîð íå å íàïèñàí

êîåôèöèåíò, ñúîòâåòíàòà êîîðäèíàòà å 1.
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Êîîðäèíàòè íà âåêòîð ïî çàäàäåíè íà÷àëî è êðàé

Äàäåíè ñà òî÷êèòå A(1,−2, 3), B(−4, 0,−5) è C (3,−2, 8). Íàìåðåòå
âåêòîðèòå

−→
AB è

−→
AC è âåêòîðà 1

2(
−→
AB +

−→
AC ).

Ðåøåíèå: Êîîðäèíàòèòå íà âåêòîð ïî çàäàäåíè êîîðäèíàòè íà

íà÷àëîòî è êðàÿ íàìèðàìå êàòî îò êîîðäèíàòèòå íà êðàÿ èçâàäèì

êîîðäèàíòèòå íà íà÷àëîòî.

A(1,−2, 3) - íà÷àëî

B(−4, 0,−5) - êðàé
M(x , y , z) - ñðåäà íà AB

Òàêà
−→
AB íàìèðàìå êàòî îò êîîðäèíàòèòå íà êðàÿ B(−4, 0,−5)

èçâàäèì ñúîòâåòíèòå êîîðäèíàòè íà íà÷àëîòî A(1,−2, 3):

−→
AB(−4− 1, 0− (−2),−5− 3)⇔

−→
AB(−5, 2,−8).
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Ñðåäà íà îòñå÷êà.

Ïî ñúùèÿ íà÷èí íàìèðàìå
−→
AC (3− 1,−2− (−2), 8− 3)⇔

−→
AC (2, 0, 5).

Ùå íàìåðèì êîîðäèíàòèòå íà òî÷êàòà M(x , y , z) òàêàâà, ÷å
−−→
AM = 1

2

−→
AB , ò.å. M å ñðåäàòà íà îòñå÷êàòà AB .

Ïðåñìÿòàìå êîîðäèíàòèòå íà âåêòîðà−−→
AM = (x − 1, y − (−2), z − 3) = (x − 1, y + 2, z − 3).
Ïðåñìÿòàìå è êîîðäèíàòèòå íà âåêòîðà
1
2

−→
AB = (12 .(−5),

1
2 .2,

1
2 .(−8)) = (−5

2 , 1,−4).
Òúé êàòî

−−→
AM = 1

2

−→
AB , òî êîîðäèàíàòèòå èì ñà ðàâíè.

Ñëåäîâàòåëíî: x − 1 = −5
2 ; y + 2 = 1; z − 3 = −4.

Îò òåçè òðè óðàâíåíèÿ íàìèðàìå x = 1− 5
2 ; y = 1− 2; z = −4 + 3.

Tàêà M(−3
2 ,−1,−1).
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Óïðàæíåíèå 5. Âåêòîðè. Ëèíåéíè îïåðàöèè ñ âåêòîðè

Ñðåäà íà îòñå÷êà. Çàäà÷à çà ñàìîñòîÿòåëíî ðåøàâàíå.

Ïî ñúùèÿ íà÷èí ñå ïîëó÷àâà è îáùàòà ôîðìóëà çà ñðåäà íà îòñå÷êà.

Àêî P(x1, y1, z1) è Q(x2, y2, z2) ñà äâå äàäåíè òî÷êè, ñðåäàòà íà
îòñå÷êàòà PQ, S èìà êîîðäèíàòè

S

(
x1 + x2

2
,
y1 + y2

2
,
y1 + y2

2

)
.

Êàòî èçïîëçâàòå òàçè ôîðìóëà, ïðåñìåòíåòå êîîðäèíàòèòå íà ñðåäèòå

íà îòñå÷êèòå AC è BC , êúäåòî A(1,−2, 3), B(−4, 0,−5) è C (3,−2, 8)
ñà äàäåíèòå òî÷êè.
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

Ñêàëàðíî ïðîèçâåäåíèå-îïðåäåëåíèå-1

Äàäåíè ñà âåêòîðèòå −→a è
−→
b . ×èñëîòî

−→a .
−→
b = |−→a |.|

−→
b |. cos](−→a ,

−→
b ),

êúäåòî ñ |−→a | è |
−→
b | ñà îçíà÷åíè äúëæèíèòå íà âåêòîðèòå, ñå íàðè÷à

ñêàëàðíî ïðîèçâåäåíèå íà âåêòîðèòå −→a è
−→
b .

−→a
−→
b
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

Ñêàëàðíî ïðîèçâåäåíèå-îïðåäåëåíèå-2

Àêî âåêòîðèòå −→a = (xa, ya, za) è
−→
b = (xb, yb, zb) ñà äàäåíè ñ òåõíèòå

êîîðäèíàòè, ñêàëàðíîòî ïðîèçâåäåíèå ñå îïðåäåëÿ òàêà:

−→a .
−→
b = xa.xb + ya.yb + za.zb.

Äâåòå îïðåäåëåíèÿ ñà åêâèâàëåíòíè. Îò òÿõ èçâåæäàìå ôîðìóëèòå çà

äúëæèíà íà âåêòîð, úãúë ìåæäó äâà âåêòîðà è äúëæèíà íà îòñå÷êà:

|−→a | =
√

x2a + y2a + z22 ; cos](−→a ,
−→
b ) =

−→a .
−→
b

|−→a |.|
−→
b |

;

|AB| = |
−→
AB| =

√
(xB − xA)2 + (yB − yA)2 + (zB − zA)2.
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

Çàäà÷è

1 ïðèìåð. Äàäåíè ñà âåêòîðèòå −→a = (3, 2, 6) è
−→
b = (2,−1, 0).

Ïðåñìåòíåòå −→a
−→
b , |−→a |, |

−→
b |, cos](−→a ,

−→
b ).

Ðåøåíèå: Ïðåñìÿòàìå ïîñëåäîâàòåëíî:

- ñêàëàðíîòî ïðîèçâåäåíèå
−→a
−→
b = 3.2 + 2.(−1) + 6.0 = 6− 2 + 0 = 4.;

- äúëæèíèòå íà âåêòîðèòå

|−→a | =
√
32 + 22 + 62 =

√
9 + 4 + 36 =

√
49 = 7,

|
−→
b | =

√
22 + (−1)2 + 02 =

√
4 + 1 + 0 =

√
5.

- íàêðàÿ íàìèðàìå cos](−→a ,
−→
b ) =

−→a
−→
b

|−→a |.|
−→
b |

= 4
7.
√
5
.

2 Äàäåíè ñà âåêòîðèòå −→a = (2,−4, 0) è
−→
b = (−2,−1, 0). Ïðîâåðåòå

äàëè ñà âçàèìíî ïåðïåíäèêóëÿðíè.

Ðåøåíèå: Ïðåñìÿòàìå ñêàëàðíîòî ïðîèçâåäåíèå
−→a
−→
b = 2.(−2) + (−4).(−1) + 0.0 = 4 + 4 + 0 = 0. Ñëåäîâàòåëíî

äâàòà âåêòîðà ñà âçàèìíî ïåðïåíäèêóëÿðíè.
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

3 Äàäåíè ñà âåêòîðèòå −→a = (3, x , 2− x) è
−→
b = (1, x ,−2). Íàìåðåòå

ñòîéíîñòèòå íà x , çà êîèòî òå ñà âçàèìíî ïåðïåíäèêóëÿðíè.

Ðåøåíèå: Ïðåñìÿòàìå ñêàëàðíîòî ïðîèçâåäåíèå
−→a
−→
b = 3.1+ x .x + (2− x).(−2) = 3+ x2− 4+ 2x = x2 +2x − 1. Çà

äà ñà âçàèìíî ïåðïåíäèêóëÿðíè âåêòîðèòå òðÿáâà
−→a
−→
b = x2 + 2x − 1 = 0. Ðåøàâàìå óðàâíåíèåòî x2 + 2x − 1 = 0 è

íàìèðàìå x1 = −1−
√
2 è x2 = −1 +

√
2. Ïðè òåçè ñòîéíîñòè íà x

äâàòà âåêòîðà ùå ñà âçàèìíî ïåðïåíäèêóëÿðíè.

4 Äàäåíè ñà âúðõîâåòå íà òðèúãúëíèêà ABC : A(2, 3), B(3, 4) è
C (−1,−2). Íàìåðåòå êîñèíóñà íà úãúëà ïðè âúðõà A.
Ðåøåíèå: Íàìèðàìå êîîðäèíàòèòå íà âåêòîðèòå:−→
AB(3− 2, 4− 3) = (1, 1),

−→
AC (−1− 2,−2− 3)− (−3,−5). Òîãàâà

−→
AB.
−→
AC = 1.(−3) + 1.(−5) = −8., |

−→
AB| =

√
12 + 12 =

√
2;

|
−→
AC | =

√
(−3)2 + (−5)2 =

√
9 + 25 =

√
34. Òàêà cos]A = −8√

2
√
34
.
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

Çàäà÷è çà ñàìîñòîÿòåëíî ðåøàâàíå

1 Äàäåíè ñà âåêòîðèòå −→a = (5,−2, 1) è
−→
b = (2, 1, 4). Ïðåñìåòíåòå

−→a
−→
b , |−→a |, |

−→
b |, cos](−→a ,

−→
b ).

2 Äàäåíè ñà âåêòîðèòå −→a = (0,−4, 4) è
−→
b = (5,−2, 2). Ïðîâåðåòå

äàëè ñà âçàèìíî ïåðïåíäèêóëÿðíè.

3 Äàäåíè ñà âåêòîðèòå −→a = (3,−x , 2− x) è
−→
b = (−1, x , 2).

Íàìåðåòå ñòîéíîñòèòå íà x , çà êîèòî òå ñà âçàèìíî

ïåðïåíäèêóëÿðíè.

4 Äàäåíè ñà âúðõîâåòå íà òðèúãúëíèêà ABC : A(2, 3), B(3, 4) è
C (−1,−2). Íàìåðåòå êîñèíóñèòå íà úãëèòå ïðè âúðõîâåòå B è C .
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

Îáùà çàäà÷à

Äàäåíè ñà âúðõîâåòå íà òðèúãúëíèêà ABC : A(1, 2, 4), B(−1, 2, 4),
C (0,−2,−3).
a) Äà ñå íàìåðÿò äúëæèíèòå íà ñòðàíèòå íà òðèúãúëíèêà.

á) Äà ñå íàìåðÿò êîîðäèíàòèòå íà âåêòîðà AM, êúäåòî M e ñðåäàòà íà

ñòðàíàòà BC .
â) Äà ñå íàìåðÿò êîîðäèíàòèòå íà âåêòîðèòå BN è CK , êúäåòî N è K
ñà ñðåäèòå íà AC è AB ñúîòâåòíî.

Ðåøåíèå: à) Íàìèðàìå êîîðäèíàòèòå íà âåêòîðà
−→
AB(−1− 1, 2− 2, 4− 4) = (−2, 0, 0). Äúëæèíàòà íà ñòðàíàòà AB å

|
−→
AB| =

√
(−2)2 + 02 + 02 = 2.

Äúëæèíèòå íà äðóãèòå äâå ñòðàíè íàìåðåòå ñàìàîñòîÿòåëíî.
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Óïðàæíåíèå 5. Âåêòîðè. Ñêàëàðíî ïðîèçâåäåíèå

á) Êîîðäèíàòèòå íà òî÷êàòà M ñà M(−1+0
2 ; 2+(−2)

2 ; 4+(−3)
2 ) = (−12 , 0, 12).

Êîîðäèíàòèòå íà âåêòîðà
−−→
AM ñà

−−→
AM(−1

2
− 1, 0− 2,

1

2
− 4) = (−3

2
,−2,−7

2
).

Ïîäòî÷êà â) ðåøåòå ñàìîñòîÿòåëíî.
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